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Abstract. Based on the D’Alembert principle and the hypothesis of Euler-Bernoulli beam, the 
vehicle-bridge coupling vibration equations of vehicle bump test were established using mode 
decomposition method. As bump test applies an impact pulse excitation to bridge structure, the 
initial conditions to calculate the system vibration equations were derived using momentum 
conservation law. Then the system vibration equations were solved by using Runge-Kutta method 
and the dynamic response of bridge was obtained through mode decomposition method. By 
comparing the maximum bending moment of each section at h height with the design bending 
moment of bridge, the limit height in bump test was determined. Finally, a simply supported 
hollow slab bridge was taken as an example, and the dynamic response of this bridge was 
calculated to determine the limit bump height in dynamic test. The correctness and effectiveness 
of this method was validated. 
Keywords: bridge engineering, dynamic detection, limit bump height, Runge-Kutta method, 
vehicle-bridge coupling vibration. 
Nomenclature 
݈, ݉, ܧܫ Length, mass per unit length, flexural rigidity of bridge 
∅ Load transverse distribution coefficient of single slab in the whole bridge 
݉௕, ܫ௕, ݉௧ Sprung mass, rotatory mass of vehicle body and mass of wheels 
݇௔, ܿ௔ Stiffness coefficients, damping coefficients of tire 
݇௧, ܿ௧ Suspension sprung constants, damping constants of suspension 
ܽ, ܿ Wheel distance and distance between rear wheel and coordinate origin 
ݕ௕, ߠ Transverse displacements, rotation angle of vehicle body 
ݕ௧ଵ, ݕ௧ଶ Transverse displacements of left and right wheel of vehicle 
ℎ Height of vehicle bump 
1. Introduction 
The excitation methods of bridge dynamic test include self-vibration method, forced vibration 
method, pulsation method, etc. Vehicle bump test is the most commonly used in self-vibration 
method for short to medium span bridge [1-3]. The researchers have conducted lots of useful 
exploratory works in the field of vehicle test with obstacles. Huang et al. let the rear wheels of the 
truck fall down from the concrete block of 20 cm height at the deck to generate the impulsive 
force in dynamic test [4]. Kwasniewski et al. placed a wooden plank across the deck to simulate 
major deterioration of the deck surface [5]. Racanel artificially produced an obstacle at the deck 
in order to induce an impulse at the superstructure level in the dynamic loading of bridge [6]. 
Cantieni performed dynamic load test on the undisturbed pavement which placed a thick plank on 
the roadway [7]. The excitation imposed to bridges by vehicle test with obstacles is forced 
excitation, whose purpose is to obtain the impact factor of the bridge. However, the so called 
vehicle bump test of Chinese code suggests that the front wheels stay at bridge in static and the 
rear wheels fall from the obstacle of ℎ height. Then vehicle-bridge coupling system starts to 
free-decay vibration under impact loads which generated by the process of vehicle bump to bridge 
structure. Through analyzing free-decay response to obtain the free vibration characteristics 
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(natural frequency, damping ratio, modal shape, etc.) of bridge structure. Thus, the limit bump 
height for the vehicle bump test is the key to obtain more obvious signal-to-noise ratio of dynamic 
response and not to cause damage for bridge. Literature [8] suggests that the height of vehicle 
bump is 5-15 cm. Literature [9] regulates that the height is 15 cm in the case of a single vehicle 
which is close to the standard load heavy vehicle is adopted as the bump excitation. However, the 
theoretical basis of the height specified is not given. Therefore, it is necessary to establish a 
theoretical calculation model of vehicle bump height and determine it accurately. 
2. Vibration equations of vehicle-bridge coupling after the vehicle falling down 
The process of vehicle falling down is shown in Fig. 1(a). Let the rear wheels of vehicle 
suddenly fall from the vehicle bump device without horizontal velocity and the vehicle remains 
stationary level after it falling down. The impulse effect is applied to bridge by utilizing the 
momentum generated during the falling process of vehicle’s rear wheels. 
 
a) The half-car planar and bridge model  
in the process of falling  b) The half-car planar and bridge model  
after the contact with bridge 
Fig. 1. The vehicle-bridge coupling model of vehicle bumping process 
In this study, a half-car planar model with four degrees of freedom is adopted. 
When the rear wheels of vehicle fallen to the deck, the whole mechanical analysis of vehicle 
can be performed according to Fig. 1(b). The force of vehicle acts on bridge fall into two parts of 
static and dynamic force. Let ଵܲ(ݐ) and ଷܲ(ݐ) be the dynamic load and static load of front wheel 
respectively, ଶܲ(ݐ) and ସܲ(ݐ) be those of rear wheel: 
ଵܲ(ݐ) = ∅ ൤݉௧ଵݕሷ௧ଵ +
݉௕
2 ݕሷ௕ −
ܫ௕
ܽ ߠሷ൨ , ଶܲ(ݐ) = ∅ ൤݉௧ଶݕሷ௧ଶ +
݉௕
2 ݕሷ௕ +
ܫ௕
ܽ ߠሷ൨,
ଷܲ(ݐ) = ∅ ቂ݉௧ଵ݃ +
݉௕
2 ݃ቃ, ସܲ(ݐ) = ∅ ቂ݉௧ଶ݃ +
݉௕
2 ݃ቃ.
(1)
As shown in Fig. 1(b), the equation of motion for bridge structure can be established based on 
D’Alembert principle and the hypothesis of Euler-Bernoulli beam when the excitation of vehicle 
is exerted on bridge: 
݉ݕሷ(ݔ, ݐ) + ܿݕሶ(ݔ, ݐ) + ܧܫ ߲
ସ(ݔ, ݐ)
߲ݔସ = ଵܲ(ݐ)ߜଵ൫ݔ − (ܿ + ܽ)൯ + ଶܲ(ݐ)ߜଶ(ݔ − ܿ), (2)
where ߜଵ൫ݔ − (ܿ + ܽ)൯ and ߜଶ(ݔ − ܿ) are Dirac’s functions. 
The dynamic deflection can be set according to mode decomposition method as follows: 
ݕ(ݔ, ݐ) ൎ෍߮௜(ݔ)ݍ௜(ݐ)
ஶ
௜ୀଵ
, (3)
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where ߮௜(ݔ) = sin	(݅ߨݔ ݈⁄ ) is the ݅th order vibration mode function of simply supported bridge 
and ݍ௜(ݐ) is the corresponding general coordinate. 
Combining Eqs. (2-3) with the orthogonal property of mode shape can obtain: 
න ݉߮௡ଶ(ݔ)ݍሷ௡(ݐ)݀ݔ
௟
଴
+ න 2ߚ݉߮௡ଶ(ݔ)ݍሷ௡(ݐ)݀ݔ + ߱௡ଶ
௟
଴
න ݉߮௡ଶ(ݔ)ݍ௡(ݐ)݀ݔ
௟
଴
						= න ߮௡(ݔ)ൣ ଵܲ(ݐ)ߜଵ൫ݔ − (ܿ + ܽ)൯ + ଶܲ(ݐ)ߜଶ(ݔ − ܿ)൧
௟
଴
݀ݔ,
(4)
where ߚ = ܿ 2݉⁄ ; ߱௡ is the ݊th natural frequency of bridge. Let ݏ௡ = ׬ ݉߮௡ଶ(ݔ)dݔ௟଴ , then Eq. (4) 
can be expressed by: 
ݏ௡ݍሷ௡(ݐ) + 2ߚݍሶ௡(ݐ) + ߱௡ଶݏ௡ݍ௡(ݐ) = ߮௡(ܿ + ܽ) ଵܲ(ݐ) + ߮௡(ܿ) ଶܲ(ݐ). (5)
Equations of motion for wheel masses ݉௧ଵ and ݉௧ଶ: 
݉௧ଵݕሷ௧ଵ + ܿ௔ଵ(ݕሶ௧ଵ + ݕሶଵ) + ݇௔ଵ(ݕ௧ଵ + ݕଵ) + ܿ௧ଵ ቀݕሶ௧ଵ − ݕሶ௕ +
ܽ
2 ߠሶቁ
						+݇௧ଵ ቀݕ௧ଵ − ݕ௕ +
ܽ
2 ߠቁ = 0,	
݉௧ଶݕሷ௧ଶ + ܿ௔ଶ(ݕሶ௧ଶ + ݕሶଶ) + ݇௔ଶ(ݕ௧ଶ + ݕଶ) + ܿ௧ଶ ቀݕሶ௧ଶ − ݕሶ௕ −
ܽ
2 ߠሶቁ	
							+݇௧ଶ ቀݕ௧ଶ − ݕ௕ −
ܽ
2 ߠቁ = 0.
(6)
Equations of motion for sprung mass ݉௕: 
݉௕ݕሷ௕ + ܿ௧ଵ ቀݕሶ௕ − ݕሶ௧ଵ −
ܽ
2 ߠሶቁ + ݇௧ଵ ቀݕ௕ − ݕ௧ଵ −
ܽ
2 ߠቁ
							+ܿ௧ଶ ቀݕሶ௕ − ݕሶ௧ଶ +
ܽ
2 ߠሶቁ + ݇௧ଶ ቀݕ௕ − ݕ௧ଶ +
ܽ
2 ߠቁ = 0,	
ܫ௕ߠሷ −
ܽ
2 ቂܿ௧ଵ ቀݕሶ௕ − ݕሶ௧ଵ −
ܽ
2 ߠሶቁ + ݇௧ଵ ቀݕ௕ − ݕ௧ଵ −
ܽ
2 ߠቁቃ	
						+ ܽ2 ቂܿ௧ଶ ቀݕሶ௕ − ݕሶ௧ଶ +
ܽ
2 ߠሶቁ + ݇௧ଶ ቀݕ௕ − ݕ௧ଶ +
ܽ
2 ߠቁቃ = 0,
(7)
where ݕଵ and ݕଶ are dynamic deflections at positions of front and rear wheel for bridge. 
Eq. (2) and Eqs. (5-7) can be expressed as the generalized motion equation in matrix form: 
ۻܝሷ + ۱ܝሶ + ۹ܝ = 0, (8)
where: 
ۻ =
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ݉௧ଵ 0 0 0 0 … 00 ݉௧ଶ 0 0 0 … 0
0 0 ݉௕ 0 0 … 0
0 0 0 ܫ௕ 0 … 0
ܣଵ ܤଵ ܥଵ ܦଵ ݏଵ … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ 0
ܣ௡ ܤ௡ ܥ௡ ܦ௡ 0 0 ݏ௡ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
,		
ܣ௡ = −∅߮௡(ܿ + ܽ)݉௧ଵ, ܤ௡ = −∅߮௡(ܿ)݉௧ଶ, 
ܥ௡ = −∅ቀ߮௡(ܿ + ܽ)
݉௕
2 + ߮௡(ܿ)
݉௕
2 ቁ, 
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ܦ௡ = ∅൬߮௡(ܿ + ܽ)
ܫ௕
ܽ − ߮௡(ܿ)
ܫ௕
ܽ൰, 
۱ =
ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍܿ௔ଵ + ܿ௧ଵ 0 −ܿ௧ଵ ܿ௧ଵ
ܽ
2 ߮ଵ(ܿ + ܽ)ܿ௔ଵ … ߮௡(ܿ + ܽ)ܿ௔ଵ
0 ܿ௔ଶ+ܿ௧ଶ −ܿ௧ଶ −ܿ௧ଶ
ܽ
2 ߮ଵ(ܿ)ܿ௔ଶ … ߮௡(ܿ)ܿ௔ଶ
−ܿ௧ଵ −ܿ௧ଶ ܿ௧ଵ + ܿ௧ଶ −ܿ௧ଵ
ܽ
2 + ܿ௧ଶ
ܽ
2 0 … 0
ܿ௧ଵ
ܽ
2 −ܿ௧ଶ
ܽ
2 −ܿ௧ଵ
ܽ
2 + ܿ௧ଶ
ܽ
2 ܿ௧ଵ
ܽଶ
4 + ܿ௧ଶ
ܽଶ
4 0 … 0
0 0 0 0 2ߚݏଵ … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ 0
0 0 0 0 0 0 2ߚݏ௡ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
, 
۹ =
ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ݇௔ଵ + ݇௧ଵ 0 −݇௧ଵ ݇௧ଵ
ܽ
2 ߮ଵ(ܿ + ܽ)݇௔ଵ … ߮௡(ܿ + ܽ)݇௔ଵ
0 ݇௔ଶ+݇௧ଶ −݇௧ଶ −݇௧ଶ
ܽ
2 ߮ଵ(ܿ)݇௔ଶ … ߮௡(ܿ)݇௔ଶ
−݇௧ଵ −݇௧ଶ ݇௧ଵ + ݇௧ଶ −݇௧ଵ
ܽ
2 + ݇௧ଶ
ܽ
2 0 … 0
ܿ௧ଵ
ܽ
2 −ܿ௧ଶ
ܽ
2 −ܿ௧ଵ
ܽ
2 + ܿ௧ଶ
ܽ
2 ܿ௧ଵ
ܽଶ
4 + ܿ௧ଶ
ܽଶ
4 0 … 0
0 0 0 0 ߱ଵଶݏଵ … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋱ 0
0 0 0 0 0 0 ߱௡ଶݏ௡ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې
, 
࢛ = ሼݕ௧ଵ ݕ௧ଶ ݕ௕ ߠ ݍଵ(ݐ) … ݍ௡(ݐ)ሽ். 
3. Solution of vibration equations and determination of bump height 
According to conservation of energy, the potential energy of vehicle at the highest point of 
vehicle bump device is equal to kinetic energy at the moment of vehicle fallen to the deck. Let ߱ 
be the rotation angular velocity of vehicle body at the moment of rear wheel falling to the deck: 
1
2 (ܫ௕ + ݉௧ଶܽ
ଶ)߱ଶ = ݉௕݃
ℎ
2 +݉௧ଶ݃ℎ. (9)
Let ߛ be the distance between front wheel and mass center of particle system composed of ݉௕ 
and ݉௧, it has: 
݉௕
ܽ
2 +݉௧ଶܽ = (݉௕ + ݉௧ଶ)ߛ. (10)
The total momentum ݌଴ of vehicle before the contact of vehicle and bridge can be written: 
݌଴ = (݉௕ + ݉௧ଶ)ߛ߱ = ቀ݉௕
ܽ
2 +݉௧ଶܽቁ ∙ ඨ
2(݉௕݃ ℎ 2⁄ +݉௧ଶ݃ℎ)
(ܫ௕ + ݉௧ଶܽଶ) .
(11)
Let ݌ଵ be the momentum of bridge at the moment of contact of vehicle and bridge. Assuming 
that the momentum ݌ଵ along the beam length is evenly distributed, it has: 
݌ଵ = න
݌ଵ
݈
௟
଴
݀ݔ = න ݉ ∙ ݕሶ(ݔ, ݐ)݀ݔ
௟
଴
. (12)
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Differentiating both sides of Eq. (12) with respect to ݔ yields: 
݌ଵ
݈ = 	݉ ∙ ݕሶ (ݔ, ݐ).	 (13)
Substituting Eq. (3) into Eq. (13) at the time ݐ = 0 with the orthogonal property of mode shape 
can obtain: 
න ݌ଵ݈
௟
଴
߮௡(ݔ)݀ݔ = න ݉߮௡ଶ(ݔ)ݍሶ௡(0)݀ݔ
௟
଴
. (14)
Let ݏ௡ = ׬ ݉߮௡ଶ(ݔ)݀ݔ௟଴ , then Eq. (14) can be expressed by: 
ݍሶ௡(0) =
׬ ߮௡(ݔ)݀ݔ ∙ ݌ଵ௟଴
ݏ௡ ∙ ݈ .
(15)
According to momentum conservation law, it has: 
݌ଵ = ∅ൣ݌଴ + ݉௧ଵݕሶ௧ଵ + ݉௧ଶݕሶ௧ଶ + ݉௕ݕሶ௕ + ܫ௕ߠሶ ൧. (16)
Combining Eqs. (6-7) and Eqs. (11, 15, 16), the initial velocities of all degrees of freedom in 
ܝ can be obtained and all the initial conditions required to solve the theoretical calculation model 
are determined. Then the values of ܝ of each moment can be calculated by using fourth-order 
Runge-Kutta method. Consequently, the time-history curve of dynamic displacement of bridge 
ݕ(ݔ, ݐ) can be obtained according to mode decomposition method. 
The moment value of each section of certain moment ܯ(ݐ௜, ݔ) can be expressed as: 
ܯ(ݐ௜, ݔ) = ܧܫ
݀ଶൣݕ(ݐ௜, ݔ) + ݕ௝(ݔ)൧
݀ݔଶ . (17)
Assuming that the design bending moment of each section of bridge is ܯ௦(ݔ), if the following 
equation is satisfied, ℎ can be considered as limit bump height: 
ܯ௠௔௫(ݐ௜, ݔ) = ܯ௦(ݔ). (18)
4. Numerical simulation 
A simply supported hollow slab bridge with uniform section and 20 m span is used for the 
following numerical simulations and the bridge is composed of 5 slabs. The general layout and 
the lateral position of vehicle bump are shown in Fig. 2. The cross section of simply supported 
bridge is shown in Fig. 3. The geometrical and material parameters of vehicle and bridge are listed 
in Table 1. 
 
Fig. 2. The general layout and the lateral position of vehicle bump (unit: cm) 
The maximum bending moment of mid-span in 1# slab at the bump height of 0, 5, 10, 15, 
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20 cm are calculated respectively and the calculation results are shown in Fig. 4. When the bump 
height of vehicle is 20 cm, the maximum bending moment of mid-span in 1# slab has reached the 
designed value of bending moment 1580.8 kN·m through analysis. Then it can be considered that 
the limit bump height of simply supported bridge is 20 cm in the case of vehicle and bump position 
given in this paper. Fig. 5 provides the displacement response of mid-span. Fig. 6 gives the 
displacement of each point in 1# slab at the moment of maximum displacement in mid-span. Fig. 7 
shows that the bending moment of each point in 1# slab is at the moment of maximum bending 
moment in mid-span. 
 
Fig. 3. The cross section of simply supported bridge (unit: cm) 
Table 1. The calculation parameters of vehicle and bridge 
Vehicle parameters Bridge parameters 
݉௧ଵ, ݉௧ଶ / kg 4330 ݈ / m 20 
݉௕ / kg 3.85×104 ܽ / m 4.2 
ܫ௕ / (kg∙m2) 2.446×105 ܿ / m 10 
݇௔ଵ, ݇௔ଶ / (N∙m-1) 4.28×105 Concrete ߩ / (kg∙m-3) 2500 
݇௧ଵ, ݇௧ଶ / (N∙m-1) 2.535×105 ܧ / Pa 3.25×1010 
ܿ௔ଵ, ܿ௔ଶ / (kg∙s-1) 0.98×104 ∅ 0.265 
ܿ௧ଵ, ܿ௧ଶ / (kg∙s-1) 1.96×104 β 10 % 
 
Fig. 4. The relationship between bump height and 
bending moment of mid-span in 1# slab 
 
Fig. 5. The displacement response  
of mid-span in 1# slab 
 
Fig. 6. The displacement of each  
point in 1# slab at the moment of maximum 
displacement in mid-span 
 
Fig. 7. The bending moment of each  
point in 1# slab at the moment of maximum  
bending moment in mid-span 
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5. Conclusions 
1) The theoretical research on the height of vehicle bump is carried out, and the feasible and 
effective theoretical calculation model and determination method are given, which provides a 
theoretical upper limit value for the selection of vehicle bump height. 
2) When the theoretical limit height of vehicle bump is determined, a higher bump height can 
be used to obtain a higher signal-to-noise ratio of dynamic response and improve the measurement 
accuracy without causing damage to the bridge. 
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